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A treatment is given of the nonperturbative QCD vacuum in a magnetic field. The
low-energy equation for the trace of the energy-momentum tensor in a magnetic field
is derived. It is shown that the derivatives with respect to a magnetic field of the
quark and gluon contributions to the trace of the energy-momentum tensor are equal.
The dependence of the gluon condensate on the magnetic field strength is derived
both for strong and weak fields.
1. The phase structure of vacuum in an external magnetic field B became an important
object of investigations. It has been recently shown that strong magnetic fields with strengths
eB ∼ 102 ÷ 104 МэВ2 can be generated in heavy-ion collisions. These magnetic fields can
initiate the observed phenomena (so-called chiral magnetic effect) [1–5] in experiments at the
RHIC and LHC. Strong magnetic fields eB ∼ Λ2QCD could have existed in the early Universe
at the energy scale of strong interactions. These magnetic fields can lead to new interesting
phenomena at the stage of the quark-hadron phase transition [6–31].
Quantum-field theories involve important relations following from the symmetry proper-
ties of a theory. Search for symmetries and constraints imposed by them on the physical
characteristics of the system are of particular importance in QCD, which is a theory with
confinement, where “observables” are composite states-hadrons. Low-energy theorems or
Ward identities (scale and chiral) are of fundamental importance for a deeper insight into
the nonperturbative properties of the QCD vacuum. Low-energy theorems of QCD were ob-
tained in the early 1980s [32]. Low-energy theorems of QCD, which follow from the general
symmetry properties and are independent of the details of the confinement mechanism, make
it possible to obtain information sometimes otherwise inaccessible. In addition, they can be
2used as “physically reasonable” constraints when developing effective theories and various
models of the QCD vacuum. The low-energy theorems of QCD at T 6= 0, µq 6= 0 were
obtained in [33, 34]. Low-energy theorems in a magnetic field and its applications to various
physical processes were studied in [35–38]. Low-energy relations for the energy-momentum
tensor at finite temperature were analyzed in [39, 40].
In this work, a low-energy relation for the trace of the energy-momentum tensor in QCD
in a magnetic field is obtained. This relation is used to find the magnetic field dependence
of the gluon condensate in the limiting case of strong and weak fields.
2. In the Euclidean formulation, the partition function of QCD in the presence of an
external Abelian field Aµ can be represented in the form
Z = exp
{
− 1
4e2
∫
d4xF 2µν
}∫
[DC][Dq¯][Dq] exp
{
−
∫
d4xL
}
, (1)
where the QCD Lagrangian in a background field has the form
L = 1
4g20
(Gaµν)
2 +
∑
q=u,d
q¯[γµ(∂µ − iQqAµ − iλ
a
2
Caµ) +m0q]q. (2)
Here, Qq – is the charge matrix for quarks with flavor q = (u, d) and the bare mass m0q
and the ghost and gauge-fixing terms are not written explicitly for simplicity. The energy
density is given by the expression V4ε (B,m0u, m0d) = − lnZ. The relation for the gluon
condensate (〈G2〉 ≡ 〈(Gaµν)2〉) follows from Eq.(1):
〈G2〉(B,m0u, m0d) = 4 ∂ε
∂(1/g20)
. (3)
The system described by the partition function given by Eq. (1) is characterized by the set
of dimensional parameters M,B,m0q(M) and the dimensionless charge g
2
0(M), where M is
the ultraviolet-cutoff mass. At the same time, it is possible to consider the renormalized
energy density εR and, with the use of dimensional and renormalization group properties εR,
to represent Eq. (3) in the form including the derivatives with respect to both the physical
parameter B and renormalized masses mq.
The phenomenon of dimensional transmutation leads to the appearance of the nonper-
turbative dimensional parameter
Λ = M exp
{∫
∞
αs(M)
dαs
β(αs)
}
, (4)
3where αs = g
2
0/4pi and β(αs) = dαs(M)/d lnM is the Gell-Mann–Low function. It is well
known that the quark mass has an anomalous dimension and depends on the scale M . The
renormalization group equation for the running mass m0(M) has the form d lnm0/d lnM =
−γm and theMS scheme is used, where β and γm are independent of the quark mass [34, 41].
The renormalization group invariant mass has the form
mq = moq(M) exp{
∫ αs(M) γmq(αs)
β(αs)
dαs} , (5)
Since the energy density is a renormalization group invariant quantity, its anomalous
dimension is zero. Therefore, εR has only a normal (canonical) dimension equal to 4. In
view of the renormalization group invariance of the quantity of Λ, εR can be written in the
most general form
εR = Λ
4f(
B
Λ2
,
mu
Λ
,
md
Λ
) , (6)
where f is a certain function. It follows from Eqs.(4),(5) and (6) that
∂εR
∂(1/g20)
=
∂εR
∂Λ
∂Λ
∂(1/g20)
+
∑
q
∂εR
∂mq
∂mq
∂(1/g20)
, (7)
∂mq
∂(1/g20)
= −4piα2smq
γmq(αs)
β(αs)
. (8)
In view of (3) the gluon condensate is given by the expression
〈G2〉(B,mu, md) = 16piα
2
s
β(αs)
(4− 2B ∂
∂B
−
∑
q
(1 + γmq)mq
∂
∂mq
)εR. (9)
It is convenient to choose the scale large enough to take the lowest order in the expansion of
the Gell- Mann-Low function, β(αs)→ −bα2s/2pi, where b = (11Nc−2Nf )/3 and 1+γm → 1.
Thus, the equations for condensates have the form [8]
〈G2〉(B) = −32pi
2
b
(4− 2B ∂
∂B
−
∑
q
mq
∂
∂mq
)εR ≡ −DˆεR , (10)
〈q¯q〉(B) = ∂εR
∂mq
. (11)
3. In QCD, the effective energy density from which condensates 〈G2〉(B) and 〈q¯q〉(B) can
be obtained by Eqs. (10) and (11), respectively, has the form
εeff(B) = εvac + εh(B), (12)
4where εvac =
1
4
〈θµµ〉 is the nonperturbative vacuum energy density at B = 0 and
〈θµµ〉 = − b
32pi2
〈G2〉+
∑
q=u,d
mq〈q¯q〉 (13)
is the trace of the energy-momentum tensor. In Eq. (12), εh(B) is the energy density created
by hadrons in the magnetic field. The quark and gluon condensates are given by the formulas
〈q¯q〉(B) = ∂εeff
∂mq
, (14)
〈G2〉(B) = −Dˆεeff , (15)
where the operator Dˆ, according to Eq. (10), has the form
Dˆ =
32pi2
b
(4− 2B ∂
∂B
−
∑
q
mq
∂
∂mq
) . (16)
Below, the case B = 0 is considered with the use of the low-energy theorem for the
derivative of the gluon condensate with respect to the quark mass [32]
∂
∂mq
〈G2〉 =
∫
d4x〈G2(0)q¯q(x)〉 = −96pi
2
b
〈q¯q〉+O(mq), (17)
where O(mq) stands for terms linear in the masses of light quarks. The resulting relation
has the form
∂εvac
∂mq
= − b
128pi2
∂
∂mq
〈G2〉+ 1
4
〈q¯q〉 = 3
4
〈q¯q〉+ 1
4
〈q¯q〉 = 〈q¯q〉. (18)
Three-fourths of the quark condensate originates from the gluon part of the nonperturbative
energy density of vacuum. The following expression for the gluon condensate is obtained
similarly
− Dˆεvac = 〈G2〉. (19)
In order to obtain the dependence of the quark and gluon condensates on the magnetic
field B , it is convenient to use the Gell-Mann–Oakes–Renner relation (Σ = |〈u¯u〉| = |〈d¯d〉|)
F 2piM
2
pi = −
1
2
(mu +md)〈u¯u+ d¯d〉 = (mu +md)Σ . (20)
Then, the following relations are derived:
∂
∂mq
=
Σ
F 2pi
∂
∂M2pi
, (21)
5∑
q
mq
∂
∂mq
= (mu +md)
Σ
F 2pi
∂
∂M2pi
= M2pi
∂
∂M2pi
, (22)
Dˆ =
32pi2
b
(4− 2B ∂
∂B
−M2pi
∂
∂M2pi
) . (23)
Within the approach described above, it is possible to obtain a low-energy relation for
the quantum anomaly in the trace of the energy-momentum tensor in the magnetic field.
The leading contribution to the energy density in the magnetic field comes from the lightest
hadrons, namely, pi-mesons. The general expression for the energy density in the magnetic
field has the form
εpi = B
2ϕ(M2pi/B) , (24)
where ϕ is a function of the ratio M2pi/B. Then, we obtain the relation
(4− 2B ∂
∂B
−M2pi
∂
∂M2pi
)εpi = M
2
pi
∂εpi
∂M2pi
. (25)
Taking into account Eqs. (14,15), (18,22) and (25), we arrive at the relations
∆〈q¯q〉 = ∂εpi
∂mq
, ∆〈G2〉 = −32pi
2
b
M2pi
∂εpi
∂M2pi
, (26)
where ∆〈q¯q〉 = 〈q¯q〉B − 〈q¯q〉 and ∆〈G2〉 = 〈G2〉B − 〈G2〉. In view of Eq. (22), Eq.(26) can
be written in the form
∆〈G2〉 = −32pi
2
b
∑
q
mq∆〈q¯q〉 . (27)
The division of both sides of Eq. (27) by ∆B and the passage to the limit ∆B → 0 give
∂〈G2〉
∂B
= −32pi
2
b
∑
q
mq
∂〈q¯q〉
∂B
. (28)
This relation can be rewritten in the form
∂〈θgµµ〉
∂B
=
∂〈θqµµ〉
∂B
, (29)
where 〈θqµµ〉 =
∑
mq〈q¯q〉 and 〈θgµµ〉 = (β(αs)/16piα2s)〈G2〉 are the quark and gluon contribu-
tions, respectively, to the trace of the energy-momentum tensor. This result was obtained
with the use of the Gell-Mann–Oakes–Renner relation; consequently, (28) and (29) are valid
in the theory with light quarks. Therefore, in the region where excitations of massive hadrons,
as well as the interaction of pions, can be neglected, Eq. (29) becomes an exact theorem of
QCD.
6In the chiral limit (mq = 0), it follows from Eq. (27) that the gluon condensate (in
contrast to the quark condensate) is independent of the magnetic field (∆〈G2〉 = 0). This
is because massless noninteracting pi-mesons constitute a scale-invariant system and, hence,
do not contribute to the trace of the energy-momentum tensor.
4. The above relations in combination with the magnetic-field dependence of the quark
condensate allow the determination of the magnetic-field dependence of the gluon condensate.
In chiral perturbation theory, the power-series expansion of the quark condensate in the
magnetic field [7] is performed in the parameter ξ = eB/(4piFpi)
2. Then, within chiral
perturbation theory, the field at ξ < 1 can be treated as weak. However, from the physical
point of view, it is necessary to consider the radius of curvature of the trajectory of a particle
in the field (Larmor radius) 1/
√
eB. If the Larmor radius is smaller than the charge radius
of the pi-meson, 1/
√
eB < rpi, the particle cannot be considered as a point particle and the
quark structure of the pi-meson should be taken into account. For weak magnetic fields, the
shift of the quark condensate in the magnetic field was found in [8] (∆Σ = −∆〈q¯q〉)
∆Σ
Σ
=
(eB)2
96pi2F 2piM
2
pi
. (30)
According to Eq. (27) and the Gell-Mann–Oakes–Renner relation given by Eq. (20), the
behavior of the gluon condensate in a weak magnetic field is described by the expression
〈G2〉(B) = 〈G2〉+ (eB)
2
3b
. (31)
In the case of a strong magnetic field, the quark condensate was calculated in [6] in the form
∆Σ
Σ
=
eB
(4piFpi)2
ln 2 . (32)
Then, the gluon condensate in strong fields is given by the expression
〈G2〉(B) = 〈G2〉+ 2 ln 2
b
M2pieB . (33)
A quadratic increase in the gluon condensate in weak magnetic fields is in agreement with
lattice calculations [42], where this phenomenon was called gluon catalysis.
5. The nonperturbative QCD vacuum in a magnetic field has been studied. A low-energy
relation for the trace of the energy-momentum tensor in the magnetic field has been obtained
ab initio. Analytical expressions for the gluon condensate in the magnetic field have been
7derived in the limits of strong and weak fields.
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